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This document is intended to introduce the key concept about a new analytical method for structure
refinement from powder diffraction data, which has been published as a research paper [Ida, T. &
Izumi, F. “Application of a theory for particle statistics to structure refinement from powder
diffraction data”, J. Appl. Cryst. 44(5),921-927 (2011)].

The method is based on “maximum likelihood estimation”, but definitely different from the
Rietveld method, because it is not a “least-squares method” in principle.

Suppose that diffraction intensities {Yl D AREE ,YN} observed at diffraction angles

{2@1 ,20,,---,20 N} are normally distributed around the calculated mean values y(20)) with the

standard deviation of ¢j, then the probability that the intensity Y; is observed should be proportional
to the value:
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where A, is the deviation defined by

Aj=Y;-y(20)). )
When independence of the deviation A; can be assumed, the probability that the set of intensity data
{Y1 Yy, Y, N} is realized should be proportional to the product:

P(Yl’Yz""’YN):pl(Yl)pz(Yz)"'pN(YN)’ (3)
which we can consider as a “likelihood estimator”. Maximum likelihood estimation is the
maximization of P(Y1 D AREEN ¢ N) , which is identical to the minimization of the value:

N A2
=-InP(Y.Y,, .Yy )~ NInV2rn =) (1noj+6—;] (4)
J=1 i
It is known that statistical variance G? can be approximated by the sum of two terms caused by
2
counting statistics (O-coum )? and particle statistics (O-particle)- , that is,
. J
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Gj = (Gcoum )j + (O-particle )j (5)

In a traditional measurement system, the counting statistical variance (Gcount)

j is approximated by
(Gcoum )i = y(2®/) ’ (6)

2
and particle statistical variance (Gparticle) _can be modelled by
J
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where C is an unknown proportionality factor, b(2® ; ) the background intensity, and m;, the

particle

multiplicity of reflection.

We can uniquely determine the value of C, ..

N A?

by minimizing S = 2 Ino, +—5 | , the value of
= -9

which become infinite at both ends: o ;> Oand o >

Note that it is impossible to estimate the statistical errors by the Rietveld method, because it only

N o A2
minimizes the sum of squared deviation: §" = E — .
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Figure 1 compares the results of structure analysis from BaSO4 powder diffraction data by the
Rietveld and new methods. It is clearly seen that all the structure parameters optimized by the new
method have become closer to the values determined from a single-crystal data (Miyake et al.,
1978).
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Fig. 1
(a) Deviations of the fractional coordinates optimized by
the Rietveld and new methods, which are respectively 3
marked by triangles and circles, from those optained —4- Rietveld
. . . —o— New method
by the single-crystal X-ray analysis by Miyake et al. @~ Miyake et al.

(1978) for BaSOs.

(b) Isotropic atomic displacement parameters optimized
by the Rietveld and new methods (triangles and
circles, respectively) and equivalent isotropic atomic
displacement parameters calculated from the single-
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crystal data (Miyake et al., 1978; Lee et al., 2005).




