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Chapter 5 Diffraction condition

In Chap. 4, it has been shown that the average structure factor of a crystal is given by the following
expressions, even if the thermal vibration of atoms cannot be neglected.

<Fmtal(f{' )> = G(K)F(K) : average structure factor of a crystal, (5.1)

G(K)= Zexp[znik.(gmnhga)}, (5.2)
é:;,é

F(K)= ;fj.([Z)Tj(I?) exp(ZniK' . <;7j>) : crystal structure factor, (5.3)

f(K)= J p,(F )exp(ZniI? 7 )d v : atomic scattering factor, (54)
e

T(K)= J- g (7 )exp(2nil§ ¥ )dv : atomic displacement factor, (5.5)
e

where it is assumed that M atoms are included in a unit structure, and P, (7) is the electron density

of the j-th atom, g; (7) is the probability density of the location of the j-th atom around the average

position. Note that a simplified expression:
I cdy
R3

is used instad of

oo oo oo

[]]dxdydz,

—00 —00 —0o

in Egs. (5.4) & (5.5). The symbol “R3” means that the function should be integrated over three
dimensional real space, and dv=dxdydz means the volume element in the simplified expression.

In this chapter, the diffraction condition given by Eq. (5.2) is discussed. It will be shown that it
is almost equivalent to the Bragg’s law, though it may look quite different from the expression of
the Bragg’s equation: nA =2dsin6 .



5-1 Laue function & Laue condition

Fig. 5.1 A crystal with parallelepiped shape

Note that the expression of Eq. (5.2) does not fully determine the formula about the diffraction
condition G(K) . The concrete formula of G(K) should depend on the size and shape of the

crystal, through the ranges of the subscripts &, 17, { to locate each unit cell.
Assume that the shape of the crystal is parallelepiped with three edges given by the repetition
numbers of N, N,, N_ along the unit cell vectors a, b , ¢ ,respectively. (It is known that a

crystal of sodium chloride NaCl certainly tends to have cubic shape.) In this particular case, we can
fully determine the formula of G(K) by the following equation,

G(K)= ]\fg“ilexp[znilz-(éj&+n5+§5)}
E=0 1=0 ¢=0
N1 N1 Nl
=Y exp(2miéK @) Y, exp(2ninK b)Y exp(2milK ¢). (5.6)
=0 n=0 ¢=0

It is not difficult to solve the above equation. For example, the sum :
N, -1
D exp(2niék-5) = 1+exp(2niK-ﬁ)+exp(4nik-Zz)+---+exp[2(Na —l)nilz-ﬁ]
=0

is nothing but the sum of a geometric progression with the first term of 1 and common ratio of

n—1

;=X
S =it
Jj=0 1-

X

exp(21til? -a ) , and applying the formula :
1

the solution is given by

Nl . _exp(2niNaK-é)—1
;exp(anéK-a)— exp(27ti]2-c7)—l .

(5.7)



As the energy of a wave is proportional to the squared amplitude, the intensity scattered by a crystal
is proportional to

— |2 - 12 - 12
(F (B =|G@&[|FE&) . (5.8)
So the intensity should be proportional to the squared absolute value and the formula for intensity is
given by

‘exp(ZniNaI?-Ez)—lr

ijexp(%:ié[? : é)
£=0

’exp(2ni[2-€i)— 1‘2
| exp(-2miN K -d)-1] exp(2miN K -d)-1]
[exp(—ZniE . Zz)— 1}[exp(2nik . 5)— 1]

~ 2—2cos(2nNaK-a) ~ 1—cos(2nNaK-ﬁ) ~ sinz(nNaIZ-Ei)

2—2005(2117]2-21) - 1—cos(2n]§'-ﬁ) - sinz(Tl'K'-Zz) ©9)
for example. Finally, the following formula can be derived,
|G(I?)|2 _sin’(nN,K @) sinz(anI_{-Z;) sin’ (TN K - ¢) (5.10)

" sin? (nl? : a) sinZ(nK-E) sinz(nk-é)
This function is called the Laue function.

The Laue function is defined as a three-dimensional function, but the main characteristics of the
function can be understood through a one-dimensional part of the function.

sin’ (nNaK . 5)

What change is expected in the value of —————
sin (TEK 'a)

on changing the length or direction of

the scattering vector K ? The profile of the function is shown in Fig. 5.2, where K- is taken as
the horizontal axis. Main peak(s) of the function are located at K -@=h (h: integer), the intensity

becomes zero at +1/N_,*¥2/N_, 3/ N _, ..., and small sub-peaks are located between them. The
height of the main peak is given by N j , that is,

1imM:N2 nmrin(max)]z[ o J _ NP (5.11)

0 gin? (Ttx) ¢ x50 TN x sin(Ttx “
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Fig. 5.2 Laue function >

K -a)
— for the case N =10
sin ( K “

-a
and the full width at the half maximum is about 1/ N . On increasing the value of N_, the height
of the main peak becomes higher, and the width becomes narrower. For the case of N =10, the

height of the main peak is N 5 =100, while the height of the 1st sub-peak is about

sin’[ nV, (3/2N,) | 1
= =42385,
sin’ [n(3/2Na)J sin’ [n(3/2Na)J
and the height of the 2nd sub-peak is about
sin’[ N, (5/2N, ) | 1
= =2.00,

sin’[ m(5/2N,)]  sin’[n(5/2N,)]

... and so on, and we can expect all of the intensities of the small sub-peaks become negligible for
large number of N _, typically about 103 ~ 10°. In the case of an ordinary crystal, which has large

values of N , N, , N_ ,the Laue function in Eq. (5.10) returns significant values, only when

1W1W1
ol SUT

h
k (h, k, [ : integer) (5.12)
[

and the maximum value should be given by
&) = (N,N,N,) =N (5.13)
The value N N,N_= N is the total number of unit cells in the crystal. Since the width of the peak

is proportional to 1 / N, the integrated intensity should be proportional to N, as expected. The
condition given by Eq. (5.12) is called the Laue condition.
An approximate formula for the Laue function for the range near one of the maxima is given by



’G(K‘l‘AK)‘Z = Sinz I:TCNH(K'FAK)CI} _ Sinz(nNah+nNaAKa)
~sin’[n(K+AK)a|(nKa)  sin’(mwh+mAKa)
~ sin’ (T:NaAKa) sin’ (nAKD) N?sin® (nAKD)

a
2 b

sinz(nAKa) :sinz(nAKD/Na) No=e th(AK) D?

where D= N a is the dimension of the crystal along the a-direction.

Another formula :
1 (AK)=—sm2(nNz(D)’ (5.14)
T R (aK) D

satisfying the normalization condition:
_[ fLaue(AK)d(AK) =1 ’

may sometimes be more convenient. The peak-top value of the normalized formula is given by
i, e (AK)= D
The formula given by (5.14) is also called the Laue function. The relation between the scattering

vector and scattering angle :

2sin6
=73
leads the following relation
(A29)cos 0
=

which will be discussed again in Chap. 6.

5-2 Lattice vectors and reciprocal lattice vectors

The three vectors, a , b , ¢ , to represent the periodicity of the crystal are called the lattice vectors

or the unit translational vectors. The three vectors, @, b, ¢, defined by the following
equations are called the reciprocal lattice vectors.

-a=1 ab =0 ac=0
b-a =0 b-b =1 b-¢ =0 (5.15)
¢-da=0 ¢b=0 ¢¢=1

The vector @ is perpendicular to b and ¢, and the inner product with a is 1, for example. By
using the reciprocal lattice vectors, the Laue condition defined by Eq. (5.12) is exactly equivalent to

that the scattering vector K can be expressed by
K=hd" +kb +1¢ (h, k, I : integer) . (5.16)

When we assume that the x, y, z components of the lattice vectors a , b , ¢ and the reciprocal

lattice vectors @ , b, ¢ are given by

aX bx C)C
i=| a, |.b=| b, |.é=| ¢, |. (5.17)
aZ bZ CZ



a, b, c,
i=|a |,b=b |,¢=c |, (5.18)
y y y
a. b, ¢
The relation given by Eq. (5.15) is equivalent with the following equation,

a, a, a | a b e 100

b b b a b c |=| 01 0 |, (5.19)

P SR 00 1

c, ¢, ¢ a, b c

which means the inverse matrix of the matrix defined by the reciprocal lattice vector

( i b ¢ ) is equivalent with the transposed matrix of the matrix defined by the lattice vectors

(@ 5 & ).

P, q,
The outer product pxg for arbitrary two three-dimensional vectors p=| p |, §=| ¢q,
p. q,
is defined by
p4.- 14,
ﬁxqz pqu_pxqz * (520)
p4,-p4,

From the definition, we obtain
p(Pxd)=p.(p,a.-p.a,)+p,(pa,-p.a.)+p.(pa,-14,)=0. (5.21)
G-(pxd)=q.(p,0.-p.a,)+a,(r.9.-p.a.)+a.(p.g,- p,q,)=0. (5.22)

and can confirm that the vector px ¢ is perpendicular to both p and g. By comparing the

following three equations,
12112
B |a =(p!+ 2+ P2 )2+’ + )
=Pl P P P DI+ P+ P+ i+ Pl (5.23)
(:4) =(p.a,+pa,+r.4.) -
=piq;+piq, +p2a.+2pq.p,q,+2p,4,p.9.+2P.q.P. 4, (5.24)
o2 2 2 2
pxd| =(p,0.-p.4,) +(p.a,-p.a.) +(r.a,-p,4.)
=P)q.+2p,q.p.q,+ P24, + P4, —2p.4,p.9. + Pid. + Pid, —2p.4,P,4,* Pid,
(5.25)
we obtain
212 N2 . g2
|l |a| =(p-a) +|pxd[- (5.26)

When the angle between the vectors p and g is 6 ,thatis, p-g = | 13HZ]| cos@, the following

relation is derived,



<= |7l af cox'0 <[ lsine . 527
thatis, pXxgq is the vector perpendicular to p and g [Eq. (5.21), Eq. (§.22)] having the length of

|| d|sin6 [Eq. (5.27)1.

The parallelepiped defined by the lattice vectors a , b , ¢ is traditionally called the unit cell in
the field of crystallography.

The outer product a X b is the vector orthogonal to a and b, having the length equal to the

—

“area of the parallelogram” formed by a and b. As is the vector perpendicular to a and

axb

‘é X Z;‘

n (axb)-c B}

b , having the length of unity, ﬁ is the length of projection of ¢ on to the direction
ax

SN ~—

perpendicular to @ and b. The the unit cell volume is givenby V = (Fz xb ) -¢ . Similar relations

hold for the combination of ( b and ¢ )and (¢ and a ), as summarized by

v=(axb)-c=(bxc)a=(¢xa)b. (5.28)
The following relations between the lattice vectors and the reciprocal lattice vectors are also
satisfied,

_+ _bxc

- , 529

a 7 (5.29)

- CXd

b = , 5.30
v (5.30)

. axh

&= , 531

c v (5.31)

and the reciprocal lattice vector can be calculated from the lattice vectors by the above equations.
It is not necessary to use the above formula on evaluation of the reciprocal lattice vectors. All we
should do is evaluation of the 3-by-3 inverse matrix. But the coding (computer programming)

based on Egs. (5.29) - (5.31) is recommendable because of unambiguity and efficiency on realistic
computing.

5-3 Lattice constants

The relations between the lattice constants a, b, ¢, o, B, v and the lattice vectors d, b, ¢

are following,

a :length of a

o))

: length of b

o

: length of ¢

a : angle between b and ¢



B : angle between ¢ and a
Y :angle between a and b
It is easy to evaluate the lattice constants (a,b,c,a, ﬁ,y) from the components of the lattice vectors

(ax,ay,az,bx,by,bz,cx,cy,cz) ,

- , 2 2 2
a—‘a|— a +a +a N
X y z

¢ bc +bc +bc.
cosQL = = L
be \/(b2+b2+b2)(c2+c2+c2)
x y z x ¥y z

for example.
In contrast, it is a little complicated to evaluate the lattice vectors from the lattice constants,

partly because of arbitrariness about the choice of direction of the coordinate system.
One unambiguous selection of the coordinate system is,
(i) assume a parallel to the X axis
(ii) assume b is on the upper XY plane (Y > 0).

In this case, it is easy to find that the lattice vector a should be

a:{ 8 ] (5.32)
0

and the lattice vector 5 should be given by

- bcosy
b=| bsiny |- (5.33)
0
It is assumed that the lattice vector ¢ is given by
cx
c=| ¢, | (5.34)
c

z

The condition : “the angle between ¢ and a is B” is expressed by

¢-d=cacosf}, (5.35)
and the following relation is derived from Eqgs. (5.32) and (5.34),
E-c?:cxa+cy0+cZO:cxa. (5.36)

Then, from Eq. (5.35), the x-component of the lattice vector ¢ is determined by
c =ccosf3. (5.37)
Next, the relation : “the angle between band ¢ is a” gives
b-¢=bhccosa, (5.38)
and from Eqgs. (5.33) and (5.34) ,

b-c =bc cosy+bc siny

= b(ccos[)'cosy+cy siny), (5.39)



and then

. c(cosa—.cosﬁcos}/) . (5.40)
Y siny

Finally, the condition : “the length of ¢ is ¢” determines the z-component ¢_ of the lattice

vector € by

czzﬂlcz—cj—c; (541)

The coordinates derived by this method belongs to the “right-handed system™.
The unit cell volume V can be calculated from the components of the lattice vectors determined

in the above way, simply by

V= axbycz (5.42)
The components of the reciprocal lattice vectors can be calculated by
a: Pve 1 be —bc,
a = a; = ;Cz— bc —bc. |,
a be —bec
2 Xy y x

and so on.

5-4 Lattice plane

The Laue condition restricts the appearance of sharp diffraction peaks for the scattering
(diffraction) vector K to satisfy K =ha +kb"+1¢" (h, k, [ : integer). On the other hand, the
vector defined by
d’ =hd" +kb' +Ic" (5.43)
means the vector with the length of reciprocal interplanar spacing along the direction orthogonal to
the lattice plane indexed by h, k, [ (hkl-plane). The index hkl is called Miller index.
The orthogonal direction and interplanar spacing of the /k/-plane are equivalent with the

b

> | Q!

orthogonal direction of a flat plane passing through the three points defined by the three vectors

% , % (for h#0, k#0, [#0), and the distance of the plane from the origin, respectively. The
vector p locating an arbitrary point on this plane is expressed by
a (b a ¢ a
p=—+x| ——— |+y| ——— X,y : arbitrary real number), 5.44
ph[khjy(th(y y ) (5.44)

and the plane that is parallel to the above plane and passes through the origin should be expressed
by

B, b a ¢ a .

Dy, =X, P +, 777 ( x,, y, : arbitrary real number). (5.45)

I

Examine the inner product of the vectors p, and d,,, , defined by Eq. (5.45) and Eq. (5.43). You

will find that the relation: p, -c?;kl =0 is always satisfied for any x,, y,. It means that the vector



d ; ., 1s directed along the orthogonal direction of the (/kl) plane. The interplanar spacing should

Tk

hkl

be given by the inner product of p and . As the relation: p- d Zk/ =1 holds for any x and y, we

’ hkl|

can conclude that the interplanar spacing is equivalent to ——
hkl

Next, let us examine the case of /=0. The /k0 -plane means that it passes through the two

b
points % and PR and is parallel to ¢ . The vector p to express this plane is given by

p= %+ x(% - Zj + yc (x, y : arbitrary real number) (5.46)
and the plane that is parallel to the above and passes through the origin is given by
Dy =X (Z h) Y,C (x0, yo : arbitrary real number), (547)

and the relations : p, - d =0 and p- a’ =1 are satisfied. The situation will exactly be same for

the case of k=0 or h=0.

Finally, examine the case of k =/=0. The 400 -plane passes through % , and is parallel to

both b and ¢. The vector p to express this plane is given by

p= %+ xb + ¢ (x,y : arbitrary real number), (5.48)

and the parallel plane passing through the origin is given by
D, =x,b+y,c (x0, yo : arbitrary real number), (5.49)
and you will find the relations p, - d =0 and p- d =1 again. Of course, the situation about the
case of h=1=0 or h=k=0 will be s1mllar.
We can conclude that the length of the vector d ;kl is always equal to the reciprocal of the
interplanar spacing of the Akl -plane.

*

If all the components (a_, a ,a.,b. b;,b:,c:,c:,c:) of the reciprocal lattice vectors @, b, ¢

are given, the reciprocal interplanar distance of the /k/-plane can be calculated by

dr,=|d; | = \/(ha: vkt +ie ) +(ha’ + kb w16 )+ (hal + k1) (5.50)

Note that the interplanar distance d

., Of the lattice plane in the Bragg’s law is generally calculated

as the “ reciprocal of the ‘reciprocal interplanar distance d,,,

5-5 Crystal structure factor and Miller indices

The average position of the j-th atom in the unit cell <’7,> is expressed by

(F)=xa+yb+ze (5.51)



where x, y,, z, are the fractional coordinate having values from O to 1. As the diffraction peak

only appears when the scattering vector K is given by K = ha" + kb™+1¢" (h,k,1: integer), the

crystal structure factor denoted by F(K) so far, can be expressed by

%

F, = f S ()7 (a5, Jexp| 2mi( e, + k12 )| (5.52)

where
d =hi' +kb" +Ic¢" .

Here f, (c? ;k[) is the atomic scattering factor, and it depends only on the interplanar distance

1 e . .
d, = , when the electron density distribution of the atom is assumed to have spherical

Ix

d

hkl

sin@
symmetry. The atomic scattering factor can be expressed by f/ [Th’d] , using the Bragg angle

6, satisfying the Bragg’s equation, A =2d, sin6, .

And T, (JZH) is the atomic displacement factor, generally representing anisotropic displacement

of an atom from the average position.

5-6 Anisotropic atomic displacement factor

The probability density function about the displacement of an atom from the average position

can be modeled by
1 x v z
(r)= exp| — - - , 5.53
&) (2n)*UU;*U,? p( 2U, 2U, 2U, ] 63
where it is assumed that the displacement of the atom is expressed by the anisotropic (ellipsoidal)
X
Gaussian function, and the vector locating the atomic position 7 =| y | is expressed by
z
r=Xp,+Y¥p,+72p,, (5.54)
using the unit vectors along the three principal axes of the ellipsoid,
pXX pr pZA
ﬁX: pr ’ﬁy: pyy ’ﬁZ: pzy
sz pYz pZz

The probability density function about the atomic displacement given by Eq. (5.53) corresponds to
the modeling of thermal vibration of atoms by independent harmonic oscillators. The relation
given by Eq. (5.54) is rewritten by using a matrix

Py Py Pxn
P=(p, B, B, )=| Py Py Py |- (5.55)
sz pYz pZz

as



x X
v :P[ % ) (5.56)
z z

The matrix P is an orthogonal matrix, the transpose matrix of which is equivalent to the inverse
matrix, that is,

X X X Py P, Py X
Y =p! y |= P’ y |= PYx PYy PYz y (5 57)
Z z z PZx PZy F>Zz z

The atomic displacement factor based on the probability distribution of atomic displacement
shown in Eq. (5.53) is given by

T(K)= [ g,(Fexp(2mik -7)dv

= T T T (Fexp(2miK -F)d XdYdZ

(27[)3/2U1/2U1/2U1/ ]:]:i ( 2U 202' 2Z[;3)eXp[2ni(KXX+KyY+KZZ):|
xdXdYdZ

= exp| 2n* (KU, + KU, + KU ) |
I u o o\ K,
=exp|2n’( K, K, K, ) 0 U, 0 | K,
0o 0 U )| K,
U 0 0 K,
=exp|-2n*( K, K, K. JP| 0 U, 0 |P| K,
0 0 U, K.
When we define a matrix,
Ve U, Ug u o0 o0
u=| U, U, U_ |=P| 0 U, 0 [P,
UZX UZy UZZ 0 0 U

3
the atomic displacement factor of the j-th atom is given by

K
T(K)=exp —2n2( K, K, K. )Uj K,

K

= exp(—2n2K’UjIZ) ,

(5.58)
and the expansion results in the following formula,



T(R)=exp

- exp{—2n2 [((Uxx ) K2 +(U,) KI+(U.), K

yz

+2(ny),~ KK, +2(U, ),- KK +2(U.,) KZKX}} .

Define the matrix

Ull U12 U13
U12 U22 U23
U13 U23 U33
a; /a a; /a a: /a u, U, U,
=| b /b by/b b /b ny Uyy Uyz
c;/c* c:/c* c:/c* U, Uyz U.
1
a a a u U U a
1 : i/ i XX Xy zx );
=l 0 — 0 b b b u U U a
b P S .
1 ¢, ¢ c U, Uyz U.. a.
0o 0 —
c
and the following relation will be derived,
Uxx ny sz
ny Uy}’ UJ’Z
sz Uyz Uzz
x bx ¢, Cl* 0 0 U11 Ulz U13 a*
- y by Cy 0 b 0* U12 U22 U23 0
az bz cz 0 O ¢ U13 U23 U33 0
X bx Cx Ul la*2 U]2a*b* U13a*c* ax a}’ a
= y by cy U12a*b* U22b*2 U23b*c* bx by b
a. b c Ugac Uybc Uy? c, ¢ ¢

which leads the formula of the atomic displacement factor for the scattering vector

K=hd +kb" +1¢",
T(K)= exp[—an ((U11 ) 1Pa” +(U,,) K67 +(U,,) Pc”

12(U,,) ka' +2(U,,) hlae +2(U,) k) |

*

* =

Q*%Q

N

a:/a* b:/b* c:/c*
ala bI/b '/
y y y

a:/a* bz*/b* c:/c*

1
a*
0

(5.59)

(5.62)




The six independent elements of the matrix, {U .U ULUL U LU 23} ,1s called anisotropic

atomic displacement parameters. When we define another matrix

* * *

*

Bl 1 BI 2 Bl 3 ax ay z Uxx UX,V UZ’C a.: Cx
2 * * * * *
B, B, B, |=2=n b, by b, U . U . U . a, c, s
Bl3 Bz3 Bs3 C: C:, C: sz Uyz Uzz a: C:
(5.63)
the following relation is derived,
Uxx UX}’ UZX 1 ax bv Cx 11 12 13 av" az
ny Uyy Uyz = 2_7,52 a y by Cy BIZ B22 BZ3 bx bz 4
U, U, U, a, b c B, B, B ¢, ¢,
(5.64)

and the formula of atomic displacement factor for the scattering vector K = ha" + kb™ +1¢" should
be

TRy =exp{-[(8,), 17 +(8,) K +(8,), F+2(B,) W+ 2(B,) hi+2(B,) ]}

(5.65)
The formula given by Eq. (5.65) is a little more convenient for calculation than the formula given

by Eq. (5.62). The six independent elements of the matrix {B11 ,B,,,B;,B,,,B,, ,323} is also

called anisotropic atomic displacement parameters. The anisotropic U parameters and anisotropic
B parameters are related by the following equations,

B, =2n’a’U,,, B,,=21’b"U,,, B, =21°c"U,,,

11°
B,=2n’a’b'U,,, B,=2n’d cU,;, B,,=21"b c'U,,. (5.65)
Note that the above relations between the anisotropic B and U parameters are different from the
relation between the isotropic displacement parameters B and U,
B=8n’U,

as shown in Chap. 4.
It is difficult to find what anisotropy is expected from the value of anisotropic B parameters,

* 9y

while the parameter U,, has the meaning of “mean square atomic displacement along a ”, U,, is

the “mean square atomic displacement along »™”, and U ;; 18 the “mean square atomic

kL)

displacement along ¢ 7. As the definition of B parameters may be introduced just for slight

convenience on calculation, .
The values of anisotropic displacement parameters are sometimes restricted by the symmetry of

the atomic positions. Let us examine the restriction by symmetry of a crystal structure belonging to
hexagonal system, as an example.

In a hexagonal crystal system, the ¢ axis is traditionally taken to be parallel to the six-fold
rotation axis. If an atom is located on the six-fold rotation axis, one of the principal axes of the
ellipsoidal atomic displacement is uniquely assigned to the c-axis (z-axis). There remains
arbitrariness in the selection of the direction of a and b axes, or the other two principal axes of the
ellipsoid, but we can assume that the a-axis (x-axis) is parallel to one of the principal axes, and the
last principal axis is on the ab-plane and orthogonal to the a-axis, which means that the last



principal axis can be taken parallel to the y-axis. Then, we should assume U =U =U,,

u.=U,, U =U_=U_=0. When we apply the three lattice vectors as

a:(o],b: V3al2 ,5:[0],
0 0 c

we find the reciprocal lattice vectors,

1/a ~ 0 0
a=| 1/\3a |.b°=| 2/\34 |.é=| o
0 0 1/¢

and the unit vectors along the direction parallel to the reciprocal lattice vectors

(B2 ) s (o) » (o
I I VE N IR B I
a 0 b 0 c 1

and then we have the formula for the anisotropic displacement for the atom,

U, U, Uy Bz 2o U O 0B
U, Uy Uy |= 0 1 0 0 U 0 /2 1.0
u, U, U, 0 0 1 0 0 U, 0 0 1
Gz 12 0| YUz 00 v Ul o
= 0 1 0 U1/2 l]1 0 = U1/2 (]1 0 ,
0 0 1 0 0 U, 0 0 U,

which implies the restrictions: U,, =U,,, U, =U,,/2 and U, =U,, =0.

Exercise

Assume the lattice constants a=6.000A, 5=5.000A, ¢=4.000A, «=120.0°, f=110.0°,

Y =100.0 °. Evaluate all the components of the lattice vectors

ax bx CX
i=| 0 |, b=| b, |, é=| ¢, |,
0 0 c

z

and also the components of the corresponding reciprocal lattice vectors. Next, calculate the
interplanar distance of the 123-plane (the lattice plane with h =1,k =2 and [ = 3)



